Abstract. Let G be a graph with vertex set V (G), δ(G) minimum degree of G and
INTRODUCTION, PRELIMINARIES AND THE RESULT
We consider in this work only finite simple graphs G with vertex set V (G) and edge set 
E(G)
2 +k is equivalent condition for M to be an open k-monopoly of G. If we replace the open neighborhood with the closed neighborhood and set k = 0, we obtain for every vertex v the condition
2 , which defines the closed monopoly of a graph G. A set P ⊆ V (G) total dominates V (G) if every vertex from V (G) has a neighbor in P . The minimum cardinality of a total dominating set is called total domination number and is denoted by γ t (G).
The study of both, open and closed monopolies, has its motivation in [1] , where an approach to several problems related to overcoming failures has a common notion of majorities. Their ideas are directed toward decreasing, as much as possible, the damage caused due to failed vertices; by maintaining copies of the most important data and performing a voting process among the participating processors in situations that failures occur; and by adopting as true those data stored at the majority of the processors that have not failed. This idea is also commonly used in some fault tolerant algorithms including agreement and consensus problems [2] , diagnosis problems [17] or voting systems [5] , among other applications and references.
The open k-monopolies were introduced recently in [11] .
The equivalence between open k-monopoly number, k ≥ 1, and signed total (2k)-domination was established (see [8, 14, 18] for the definition and complexity results). Similar the equivalence between open k-monopoly number, k ≥ 0, and (global defensive (2k)-alliance and global offensive (2k)-alliance) was established (see [3, 7] for definitions and [4] for a recent survey). Several bounds and exact results followed for the direct product of graphs [10] , for lexicographic product of graphs [12] and for strong product of graphs [13] .
The study of closed monopoly started earlier, see the first [15] and the latest work [9] , called monopolies there. Note that closed and open monopolies cannot be compared, since in a closed monopoly a vertex v also counts itself in controlling v, which is not the case in any open monopoly.
Henning shown in [8] that signed total 1-domination problem is NP-complete even restricted to bipartite or chordal graphs. This work was continued by Liang in [14] , where the NP-completeness of signed total k-domination problem was shown for k ≥ 2. Consequently, by results from [11] (see Theorem 1) , the open k-monopoly problem is also NP-complete for every k ≥ 1. In addition in [11] it was shown that open 0-monopoly is NP-complete as well. Hence, it remains to investigate the complexity of open k-monopolies for 1 −
, which is as follows.
We follow a similar approach as in [6] for signed total 1-domination and later in [11] for open 0-monopoly problem. In the next section we give a proof of the following theorem.
, . . . , −1}, is NP-complete, even when restricted to chordal graphs.
We will show the polynomial time reduction from the total domination set problem which is as follows.
Problem: TOTAL DOMINATION SET (TDS) INSTANCE:
A graph G and a positive integer j ≤ |V (G)|.
QUESTION: Is γ t (G) ≤ j?
Recall that the total domination set problem is NP-complete even when restricted to chordal graphs (see [16] ).
PROOF OF THEOREM 1.1 It is obvious that open
, . . . , −1}, is a member of NP since for a given set M with |M | ≤ t we can check in polynomial time for each vertex x of a graph G if x is k-controlled by M .
Let G be a graph of order n and size m. We separate for k the odd and the even case. They are similar, but they do not follow the same pattern in general and therefore, cannot be combined into one. We present both of them in all details. 
Hence, to obtain H from G we added
vertices. Clearly this can be done in polynomial time. Also, if G is chordal graph, so is H. Next we claim that 
On the other hand, suppose S is a γ t (G)-set of G. Let C 
We will show that M = S ∪ C is an open k-monopoly for H. Let x be a vertex from
Since S is a γ t (G) set, x has at least one neighbor in S and additional 
Therefore, we have that if i = 2m(−k + 3) + n(−2k vertices. Clearly this can be done in polynomial time. Also, if G is chordal graph, so is H. Next we claim that
To prove this, let M be an open k-monopoly set of H. Let x be an arbitrary vertex of G. In Therefore, we have that if i = 2m(−k + 4) − 2n(k 2 − 5k + 4), then γ t (G) ≤ j if and only if M k (H) ≤ j + i and the proof is completed also for odd k.
